Abstract-We study the problem of jointly allocating power and the channel resource of an orthogonal multiple access relay systems in order to maximize the achievable rate region. Four relaying strategies are considered: regenerative decode-andforward (RDF), non-regenerative decode-and-forward (NDF), amplify-and-forward (AF), and compress-and-forward (CF). For RDF and NDF we show that the problem can be formulated as a quasi-convex problem, while for AF and CF we show that the problem can be made quasi-convex if the signal to noise ratios of the direct channels are at least −3 dB. Therefore, efficient algorithms can be used to obtain the jointly optimal power and channel resource allocation. Furthermore, we show that the convex subproblems in those algorithms admit a closed-form solution. Our numerical results show that the joint allocation of power and the channel resource achieves significantly larger achievable rate regions than those achieved by power allocation alone with fixed channel resource allocation. We also demonstrate that assigning different relaying strategies to different users together with the joint allocation of power and the channel resources can further enlarge the achievable rate region.
I. INTRODUCTION
In multiple access relay (MAR) systems, several source nodes send independent messages to a destination node with the assistance of a relay node [1] , [2] . These systems are of interest because they offer the potential for reliable communication at rates higher than those provided by conventional [3] , and cooperative multiple access schemes [2] , [4] , [5] (in which source nodes implicitly work as relays for each other). Full-duplex MAR systems, in which the relay is able to transmit and receive simultaneously over the same channel [1] , [6] can be difficult to implement, due to the electrical isolation required between the transmitter and receiver circuits. As a result, half-duplex relays are more likely to be preferred in practice. The receivers at the relay and destination nodes can be further simplified if the source nodes (and the relay) transmit their messages on orthogonal channels, as this enables 'per-user' decoding rather than joint decoding.
In this paper, we will consider the design of orthogonal multiple access systems with a half-duplex relay. In particular, we will consider the joint allocation of power and the channel resource in order to maximize the achievable rate region (given knowledge of the channel state). Four relaying strategies
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will be considered; namely, regenerative (RDF) and nonregenerative (NDF) decode-and-forward [4] , [5] , amplify-andforward (AF) [5] , [7] , and compress-and-forward (CF) [8] , [9] . The orthogonal half-duplex MAR system that we will consider is based on that considered in [10] . However, the focus of that paper is on the maximization of the sum rate, and, more importantly, it is assumed therein that the source nodes will each be allocated an equal fraction of the channel resources (e.g., time or bandwidth). 1 In this paper, we will provide an efficiently solvable formulation for finding the jointly optimal allocation of power and the channel resources that enables the system to operate at each point on the boundary of the achievable rate region.
Although the problem of power allocation for an equal allocation of the channel resource was shown to be convex in [10] , the joint allocation of power and the channel resource is not convex, which renders the problem harder to solve. In this paper we show that the joint allocation problem can be formulated in a quasi-convex form, and hence that the optimal solution can be obtained efficiently using standard quasi-convex algorithms; e.g., bisection-based methods [11] . Furthermore, for a given channel resource allocation, we obtain closed-form expressions for the optimal power allocation, which further reduces the complexity of the algorithm used to obtain the jointly optimal allocation.
The practical importance of solving the joint allocation problem is that it typically provides a substantially larger achievable rate region than that provided by allocating only the power for equal (or fixed) channel resource allocation, as will be demonstrated in the numerical results. We will also demonstrate that joint allocation of the relaying strategy together with the power and channel resources, rather assigning the same relaying strategy to all users, can further enlarge the achievable rate region.
II. SYSTEM MODEL
We consider an orthogonal multiple access relay (MAR) system with N source nodes (Nodes 1, 2, . . . N), one destination node (Node 0), and one relay (Node R) that assists the source nodes in the transmission of their messages to the destination node.
2 Fig. 1 shows a simplified two-source MAR system. We will focus here on a system in which the transmitting nodes use orthogonal sub-channels, and the relay operates in half-duplex mode. For ease of exposition, we will focus on the case in which the orthogonal sub-channels are synthesized by time division. 3 That is, we will divide the total frame length into non-overlapping sub-frames of fractional length r i , and we will allocate the i th sub-frame to the transmission (and relaying) of the message from source node i to the destination node. Fig. 2 provides a pictorial representation of the signals transmitted by each node in each time block of one frame of the considered MAR system in the case of 2 source nodes.
In Fig. 2 there are two blocks transmitted per sub-frame. In the first block of sub-frame i, Node i sends a new message to both the relay and the destination node, while in the second block of that sub-frame, the relay node transmits a function f (·) of the message it received from Node i in the previous block. Since the regenerative decode-and-forward relaying strategy and the amplify-and-forward strategy require these blocks to be of the same length, we will consider equal length blocks in this paper. We will let P i represent the power used by Node i to transmit its message, and we will constrain it so that it satisfies the average power constraint ri 2 P i P i , wherē P i is the maximum average power of Node i. We will let P Ri represent the relay power allocated to the transmission of the message of Node i, and we will impose the average power constraint Fig. 2 is a signal with unit power that depends on the relaying strategy used by the relay node.
Without loss of generality, we will focus here on a two user system. However, all the results of this paper can be applied to systems with more than two source nodes. For the two source system, the received signals at the relay and the destination at block m 1 are
2 The generalization of our model to different destination nodes is direct. 3 An equivalent derivation for the case of frequency division can be obtained in an analogous way. 4 We use 0 to represent blocks in which the receiver of the relay node is turned off. The focus of this paper will be on a scenario in which the channel coherence time is long enough for us to focus on the case in which each node can acquire full channel state information (CSI) without expending a significant fraction of the available power and channel resources. The available CSI will be exploited to jointly allocate the powers P Ri and the resource allocation parameter r i , with the goal of enlarging the achievable rate region for the given channel realization. We will consider four relaying strategies:
Regenerative decode-and-forward (RDF): The relay decodes the message w i , re-encodes it using the same code book as the source node, and transmits the codeword to the destination [5] , [4] . The maximum achievable rate of Node i is
Non-regenerative decode-and-forward (NDF):
The relay decodes the message w i , re-encodes it using a different code book from that used by the source node, and transmits the codeword to the destination [12] , [13] . The maximum achievable rate of Node i is
Amplify-and-forward (AF):
The relay amplifies the received signal and forwards it to the destination [5] , [7] . In this case, f (w i ) is the signal received by the relay, normalized by its power. The maximum achievable rate of Node i is
Compress-and-forward (CF):
The relay transmits a compressed version of signal it receives [8] , [9] . Assuming that the relay uses Wyner-Ziv lossy compression, the maximum achievable rate of Node i is
(3d) The above expressions for the maximum achievable rate are the extension of the expressions in [10] to the case of not necessarily equal resource allocation.
III. JOINT POWER AND RESOURCE ALLOCATION
It was shown in [10] that for fixed channel resource allocation, the problem of finding the power allocation that maximizes the sum rate is convex, and closed-form solutions for the optimal power allocation were obtained. However, the direct formulation of the problem of joint allocation of both the power and the channel resource so as to enable operation at an arbitrary point on the boundary of the achievable rate region is not convex, and hence is significantly harder to solve. However, in the following subsections we will show that the problem of finding the jointly optimal power and resource allocation can be transformed into a quasi-convex problem, and hence an optimal solution can be obtained using simple and efficient algorithms; i.e., standard quasi-convex search algorithms [11] . Furthermore, for a fixed resource allocation, a closed-form solution for the optimal power allocation is obtained. By exposing the quasi-convexity of the problem and by obtaining a closed-form solution to the power allocation problem, we are able to achieve significantly larger achievable rate regions than schemes with fixed resource allocation, without incurring substantial additional computational cost.
The jointly optimal power and channel resource allocation at each point on the boundary of the achievable rate region can be found by maximizing a weighted sum of the maximal rates μR 1 + (1 − μ)R 2 subject to a bound on the transmitted powers, whereR i is the expression in (3) that corresponds to the given relaying strategy, and μ ∈ [0, 1] weights the relative importance ofR 1 overR 2 . Alternatively, the jointly optimal power and channel resource allocation at each point on the boundary of the achievable rate region can also be found by maximizingR i for a given target value ofR j , R j,tar , subject to the bound on the transmitted powers; e.g.,
where r = r 1 andr = r 2 = 1 − r. Neither the weighted sum approach nor the formulation in (4) is jointly convex in the transmitted powers and r, and hence it appears that it may be difficult to develop a reliable efficient allocation algorithm. However, in the following sub-sections, we will show that by adopting the framework in (4), the direct formulation can be transformed into a composition of a convex problem (with a closed-form solution) and a quasi-convex optimization problem, and hence that it can be efficiently and reliably solved. The first step in that analysis is to observe that since the source nodes transmit on channels that are orthogonal to each other and to that of the relay, then at optimality they should transmit at full power, i.e., the optimal values of P 1 and P 2 are P * 1 (r) = 2P 1 /r and P * 2 (r) = 2P 2 /r, respectively. Unfortunately, the set of values for r, P R1 and P R2 that satisfy the constraints in (4c) is not convex. However, if we defineP R1 = rP R1 andP R2 =rP R2 , then (4) can be rewritten as
To simplify our development, we define R 2,max (r) to be the maximum achievable value forR 2 for a given value of r and the given relaying strategy; i.e., the value of the appropriate expression in (3) withP R2 = 2P R and P 2 = P * 2 (r).
A. Regenerative and Non-regenerative Decode-and-Forward
For the regenerative decode-and-forward strategy, the problem in (5) can be written as Formulating the problem as in (6) enables us to obtain the following result [14] : Proposition 1: For a given feasible target rate R 2,tar ∈ (0, R 2,max (0)), the maximum achievable rateR 1,max in (6) is a quasi-concave function of r.
In addition to the desirable property in Proposition 1, for any given channel resource allocation and for any feasible R 2,tar , a closed-form solution for the optimal power allocation can be found. In particular, for any given r,P R1 must be maximized in order to maximize R 1 . Therefore, the optimal value ofP R2 is the minimum value that satisfies the constraints in (6), i.e.,
where A =r(2 2R 2,tar r − 1), B = γ R0 , and x + = max(0, x). The optimal value ofP R1 isP * R1 (r) = min 2P R − P * R2 (r),
+ , where the second argument of the min function is the value ofP R1 that makes the two arguments of the min function in (6a) equal. In Section III-C we will exploit the result in Proposition 1 and the closed-form expression forP * R2 (r) in (7) to develop an efficient algorithm for the jointly optimal allocation of power and the channel resource.
Using the formulation in (5), the result in Proposition 1 applies directly to the case of the non-regenerative decodeand-forward strategy [14] . Similar to the RDF case, for a given r and a feasible R 2,tar , a closed-form expression for the optimalP R2 can be obtained. That expression takes the form in (7), with the same definition for A, but with B = γ R0 + 2γ 20 γ R0P2 /r. The optimal value forP R1 is P * R1 (r) = min 2P R −P * R2 (r),
2P1(γ1R−γ10)r γR0(r+2P1γ10)
+ , where the second argument of the min function is the value ofP R1 that makes the two arguments of the min function in the objective of (5) equal. Given R 2,tar ∈ (0, R 2,max (0)), for r ∈ (0, 1) define ψ(r) denote the optimal value of (4) for a given r if R 2,tar ∈ (0, R 2,max (r)) and zero otherwise. Set ψ(0) = 0 and ψ(1) = 0. Set t 0 = 0, t 4 = 1, and t 2 = 1/2. Using the closed-form expression for the optimal power allocations compute ψ(t 2 ). Given a tolerance , 1) Set t 1 = (t 0 + t 2 )/2 and t 3 = (t 2 + t 4 )/2.
2) Using the closed-form expressions for the power allocations, compute ψ(t 1 ) and ψ(t 3 ). arg max k∈{0,1,...,4} ψ(t k ) . 4) Replace t 0 by t max{k * −1,0} , replace t 4 by t min{k * +1,4} , and save ψ(t 0 ) and ψ(t 4 ). If k * ∈ {0, 4} set t 2 = t k * and save ψ(t 2 ), else set t 2 = (t 0 + t 4 )/2 and use the closed form expressions for the power allocations to calculate ψ(t 2 ). 5) If t 4 − t 0 ≥ return to 1), else set r * = t k * .
B. Amplify-and-Forward and Compress-and-Forward
In cases of amplify-and-forward and compress-and-forward relaying, using the formulation in (5), we obtain the following result [14] : 5 Proposition 2: If the direct channels of both source nodes satisfy γ i0Pi > 1 2 , then for a given feasible target rate R 2,tar ∈ (0, R 2,max (0)), the maximum achievable rateR 1,max in (5) is a quasi-concave function of r. Similar to the cases of RDF and NDF relaying, for a given r and a feasible R 2,tar , in order to obtain an optimal power allocation we must find the smallestP R2 that satisfies the constraints in (5). If we define C = A − 2γ 20P2 and D = γ R0 (2γ 20P2 +r), a closed-form solution forP R2 in case of AF relaying can be written as
In case of CF relaying, the optimalP R2 is
and in both cases the optimalP R1 isP * R1 (r) = 2P R −P * R2 (r).
C. Summary
For each of the four relaying strategies the joint power and resource allocation problem is quasi-convex in r. A simple algorithm for finding the optimal r is provided in Table I . (This algorithm is closely related to bisection search [11] .) In each iteration of the algorithm, we use the closed-form expressions for the optimal power allocation for each of the current values of r. Since the quasi-convex search can be efficiently implemented and since it converges rapidly, the jointly optimal values for r and the (scaled) powersP Ri can be efficiently obtained.
In the above development we have focused on the case of two source nodes. However, the core results extend directly to the case of N > 2 source nodes. In that case, the propositions would state that the rate of the user of interest is a quasi-convex function of N −1 resource allocation parameters. Furthermore, for a given set of resource allocation parameters (and for given target rates for N − 1 source nodes), closed-form expressions for the optimal power allocations can be obtained.
In the development above we have considered systems in which the relay node uses the same (pre-assigned) relaying strategy for each node. However, since the source nodes use orthogonal channels, our results extend directly to the case of different relaying strategies, and we will provide an example of such a heterogeneous multiple access relay system.
IV. NUMERICAL RESULTS
In this section, we provide comparisons between the achievable rate regions obtained with jointly optimal power and channel resource allocation and those obtained using optimal power allocation alone, with equal channel resource allocation. We also provide comparisons between the (optimized) achievable rate regions obtained by the four relaying strategies. Moreover, we show that in some cases assigning different relaying strategies to different source nodes can result in a larger achievable rate region than assigning the same relaying strategy to all source nodes.
In Fig. 3 the rate regions achieved by joint allocation and by power allocation alone for each relaying strategy. It is clear from the figure that the joint allocation results in significantly larger achievable rate regions. 6 As expected, each of the curves for r = 0.5 in Fig. 3 touches the corresponding curve for the jointly optimal power and channel resource allocation at one point. This point corresponds to the point at which the value r = 0.5 is (jointly) optimal.
In Fig. 4 we compare the jointly optimized achievable rate regions for the four relaying strategies, RDF, NDF, CF, and AF. In this scenario, the source-relay channel of Node 1 has higher effective gain than its direct channel, whereas for Node 2 the direct channel is better than the source-relay channel. Therefore, for small values ofR 1 one would expect the values ofR 2 obtained by the CF and AF relaying strategies to be greater than those obtained by RDF and NDF, since the values ofR 2 achieved by RDF and NDF will be limited by the source-relay link, which is weak for Node 2. Furthermore, for small values ofR 2 , one would expect RDF and NDF to result in higher values ofR 1 than CF and AF, since the source-relay link for Node 1 is strong and does not represent the bottleneck in this case. Both these expected characteristics are evident in Fig. 4 . A further observation from Fig. 4 is that the achievable rate region for the CF relaying strategy is larger than that for AF and the achievable rate region for NDF is larger than that for RDF. This is consistent with the observation in [10] , where the comparison was made in case of r = 1/2. Fig. 4 also shows that if the messages of Node 1 are relayed with the NDF strategy and the messages of Node 2 are relayed with the CF startegy, the resulting achievable rate region will be larger than that of the homogeneous NDF and CF strategies. If the relaying strategies are reversed, it can be seen that the achievable rate region will be smaller than that of the homogeneous NDF and CF strategies. This example suggests that one ought to jointly optimize the power allocation, the resource allocation, and the relaying strategy assigned for each node. However, the direct formulation of that problem requires the joint allocation of power and the channel resource for each combination of relaying strategies, and hence the computational cost is exponential in the number of source nodes. Furthermore, time sharing between different combinations of relaying strategies may be required in order to maximize the achievable rate region. The approach in [15] to the design of relay networks based on orthogonal frequency division multiplexing (OFDM) offers some insight that may lead to more efficient algorithms for joint power, channel resource and strategy allocation, but the development of such algorithms lies beyond the scope of this paper. Fig. 4 . Comparison between the achievable rate regions when using the same relaying strategy for both users and when using different relaying strategies, for the scenario in Fig. 3 .
